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Chapter 32

Trigonometry - Grade 11

32.1 History of Trigonometry

Work in pairs or groups and investigate the history of the development of trigonometry. Describe
the various stages of development and how different cultures used trigonometry to improve their
lives.

The works of the following people or cultures can be investigated:

1. Cultures

A Ancient Egyptians
B Mesopotamians
C Ancient Indians of the Indus Valley

2. People

A Lagadha (circa 1350-1200 BC)
Hipparchus (circa 150 BC)

Ptolemy (circa 100)

Aryabhata (circa 499)

Omar Khayyam (1048-1131)

Bhaskara (circa 1150)

Nasir al-Din (13th century)

al-Kashi and Ulugh Beg (14th century)
| Bartholemaeus Pitiscus (1595)

T oo mOnNnw

32.2 Graphs of Trigonometric Functions

32.2.1 Functions of the form y = sin(k0)

In the equation, y = sin(kf), k is a constant and has different effects on the graph of the
function. The general shape of the graph of functions of this form is shown in Figure 32.1 for
the function f(#) = sin(26).

, Exercise: Functions of the Form y = sin(k6)
On the same set of axes, plot the following graphs:
1. a(f) =sin0.56
381
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Figure 32.1: Graph of f(#) = sin(26) with the graph of g(f) = sin(¢) superimposed in gray.

2. b(#) =sinl0
3. ¢(f) =sinl.50
4. d(6) = sin20
5. e(f) = sin2.50

Use your results to deduce the effect of k.

You should have found that the value of k affects the periodicity of the graph. Notice that in

the case of the sine graph, the period (length of one wave) is given by %.

These different properties are summarised in Table 32.1.

Table 32.1: Table summarising general shapes and positions of graphs of functions of the form
y = sin(kx). The curve y = sin(z) is shown in gray.
| k>0 | k<0 |

anhn | adnn
TYVT | TV

Domain and Range

For f(0) = sin(kf), the domain is {0 : 6 € R} because there is no value of § € R for which
f(0) is undefined.

The range of f(0) =sin(k6) is {f(09) : f(0) € [-1,1]}.

Intercepts

For functions of the form, y = sin(kf), the details of calculating the intercepts with the y axis
are given.

There are many x-intercepts.

The y-intercept is calculated by setting § = 0:

y = sin(kd)
Yint = sin(0)
0

382
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32.2.2 Functions of the form y = cos(k6)

In the equation, y = cos(k#), k is a constant and has different effects on the graph of the
function. The general shape of the graph of functions of this form is shown in Figure 32.2 for

the function f(6) = cos(260).

A ANAYYS
G [T

Figure 32.2: Graph of f(0) = cos(26) with the graph of g(6) = cos(#) superimposed in gray.

Exercise: Functions of the Form y = cos(k6)
On the same set of axes, plot the following graphs:

1. a(f) = cos0.50
2. b(#) = cos 16
3. ¢(f) = cos1.50
4. d(#) = cos 26
5. e(f) = cos2.50

Use your results to deduce the effect of k.

You should have found that the value of k affects the periodicity of the graph. The period of
the cosine graph is given by 360

These different properties are summarised in Table 32.2.

Table 32.2: Table summarising general shapes and positions of graphs of functions of the form

y = cos(kx). The curve y = cos(z) is shown in gray.
| k>0 | k<0 |

AR A

Domain and Range
For f(0) = cos(kf), the domain is {6 : § € R} because there is no value of § € R for which
f(0) is undefined.

The range of f(0) = cos(kf) is {f(9) : f(9) € [-1,1]}.
383
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Intercepts

For functions of the form, y = cos(k0), the details of calculating the intercepts with the y axis
are given.

The y-intercept is calculated as follows:

y = cos(k)
Yint = cos(0)
1

32.2.3 Functions of the form y = tan(k0)

In the equation, y = tan(k6), k is a constant and has different effects on the graph of the
function. The general shape of the graph of functions of this form is shown in Figure 32.3 for

the function f(6) = tan(20).
N
| |
j5 | :
|
!
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Figure 32.3: The graph of tan(26) superimposed on the graph of g(6) = tan(#) (in gray). The
asymptotes are shown as dashed lines.

Exercise: Functions of the Form y = tan(k6)
On the same set of axes, plot the following graphs:

1. a() = tan0.56
2. b(#) = tan 16
3. ¢(f) = tan1.560
4. d(#) = tan26
5. e(f) = tan2.50

Use your results to deduce the effect of k.

You should have found that, once again, the value of k affects the periodicity of the graph. As k
increases, the graph is more tightly packed. As k decreases, the graph is more spread out. The
period of the tan graph is given by 180

These different properties are summarised in Table 32.3.

Domain and Range

For f(#) = tan(k6), the domain of one branch is {6 : 6 € (—%,%)} because the function is

undefined for 8 = % and 6 = 920.

The range of f(0) = tan(kf) is {f(0) : f(0) € (—o0,00)}.
384
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Table 32.3: Table summarising general shapes and positions of graphs of functions of the form
y = tan(k0).

| E>0 | k<0 |

AN
fl )

Intercepts

For functions of the form, y = tan(k#), the details of calculating the intercepts with the x and
y axis are given. There are many z-intercepts; each one is halfway between the asymptotes.

The y-intercept is calculated as follows:

y = tan(k)
Yint = tan(0)
0

Asymptotes

The graph of tan kf has asymptotes because as k6 approaches 90°, tan kf approaches infinity.
In other words, there is no defined value of the function at the asymptote values.

32.2.4 Functions of the form y = sin(f + p)

In the equation, y = sin(f + p), p is a constant and has different effects on the graph of the
function. The general shape of the graph of functions of this form is shown in Figure 32.4 for
the function f(6) = sin(6 + 30°).

/\ : l_fa\: — A
~270 —\18\()—% | 90 \w\fy

Figure 32.4: Graph of f(#) = sin(6 + 30°) with the graph of ¢g(#) = sin(#) in gray.

Exercise: Functions of the Form y = sin(6 + p)
On the same set of axes, plot the following graphs:

1. a(f) = sin(f — 90°)
2. b() = sin(6 — 60°)
3. ¢(f) =sinb

4. d(0) = sin(6 4 90°)
5. e(#) = sin(f + 180°)

Use your results to deduce the effect of p.
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You should have found that the value of p affects the y-intercept and phase shift of the graph.
The p value shifts the graph horizontally. If p is positive, the graph shifts left and if p is negative
tha graph shifts right.

These different properties are summarised in Table 32.4.

Table 32.4: Table summarising general shapes and positions of graphs of functions of the form
y = sin(f + p).

| p>0 | p<0 |

N oadn
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Domain and Range

For f(6) = sin(f + p), the domain is {0 : § € R} because there is no value of § € R for which
f(8) is undefined.

The range of f(6) = sin(6 +p) is {f(8) : f(0) € [-1,1]}.

Intercepts

For functions of the form, y = sin(d + p), the details of calculating the intercept with the y axis
are given.

The y-intercept is calculated as follows: set § = 0°

y = sin(6+p)
Yint = sin(0+p)
= sin(p)

32.2.5 Functions of the form y = cos(f + p)

In the equation, y = cos(f + p), p is a constant and has different effects on the graph of the
function. The general shape of the graph of functions of this form is shown in Figure 32.5 for
the function f(6) = cos(6 + 30°).

W—QO 0\ 180/ 270
14

Figure 32.5: Graph of f(0) = cos(6 + 30°) with the graph of g(8) = cos(¢) shown in gray.

Exercise: Functions of the Form y = cos(f + p)
On the same set of axes, plot the following graphs:
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1. a(6) = cos(6 — 900)
2 46) = ooxl6 o)
3. ¢(0) =

4. (9): (9+90°)
5. e(6) = cos(6 + 180°)

Use your results to deduce the effect of p.

You should have found that the value of p affects the y-intercept and phase shift of the graph.
As in the case of the sine graph, positive values of p shift the cosine graph left while negative p
values shift the graph right.

These different properties are summarised in Table 32.5.

Table 32.5: Table summarising general shapes and positions of graphs of functions of the form
y = cos(f + p). The curve y = cos@ is shown in gray.
| p>0 | p <0 |

WA AR o
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Domain and Range

For f(0) = cos(6 + p), the domain is {0 : 6 € R} because there is no value of § € R for which
f(6) is undefined.

The range of f(0) = cos(6 +p) is {f(6) : f(0) € [-1,1]}.

Intercepts

For functions of the form, y = cos(6 + p), the details of calculating the intercept with the y axis
are given.

The y-intercept is calculated as follows: set § = 0°

y = cos(f+p)
Yint = cos(0+p)
= cos(p)

32.2.6 Functions of the form y = tan(6 + p)

In the equation, y = tan(f + p), p is a constant and has different effects on the graph of the
function. The general shape of the graph of functions of this form is shown in Figure 32.6 for
the function f(6) = tan(6 + 30°).

Exercise: Functions of the Form y = tan(d + p)
On the same set of axes, plot the following graphs:
1. a(f) = tan(6 — 90°)
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Figure 32.6: The graph of tan(d + 30°) with the graph of g(f) = tan(¢) shown in gray.

2. b(0) = tan(f — 60°)
3. ¢(f) = tanb
4. d(0) = tan(f + 60°)

)
5. e(f) = tan(f + 180°)

Use your results to deduce the effect of p.

You should have found that the value of p once again affects the y-intercept and phase shift of
the graph. There is a horizontal shift to the left if p is positive and to the right if p is negative.

These different properties are summarised in Table 32.6.

Table 32.6: Table summarising general shapes and positions of graphs of functions of the form
y = tan(f + p).

| E>0 I k<0 |

A

Domain and Range

For f(#) = tan(f + p), the domain for one branch is {6 : § € (—90° — p,90° — p} because the
function is undefined for 6 = —90° — p and 6§ = 90° — p.

The range of f(0) = tan(0 + p) is {f(9) : f(0) € (—o0,00)}.
Intercepts

For functions of the form, y = tan(f + p), the details of calculating the intercepts with the y
axis are given.

The y-intercept is calculated as follows: set § = 0°

y = tan(0+p)
Yint = tan(p)

Asymptotes

The graph of tan(f+p) has asymptotes because as 8 + p approaches 90°, tan(6 + p) approaches
infinity. Thus, there is no defined value of the function at the asymptote values.
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? Exercise: Functions of various form
Using your knowledge of the effects of p and k draw a rough sketch of the
® following graphs without a table of values.
1. y=sin3z
2. y = —cos2x
3. y=tan %:c
4. y =sin(x — 45°)
5. y = cos(x + 45°)
6. y = tan(z — 45°)
7. y=2sin2zx
8. y =sin(z +30°) +1

32.3 Trigonometric ldentities

32.3.1 Deriving Values of Trigonometric Functions for 30°, 45° and 60°

Keeping in mind that trigonometric functions apply only to right-angled triangles, we can derive
values of trigonometric functions for 30°, 45° and 60°. We shall start with 45° as this is the
easiest.

Take any right-angled triangle with one angle 45°. Then, because one angle is 90°, the third

angle is also 45°. So we have an isosceles right-angled triangle as shown in Figure 32.7.

C

q

u 45°
A " B

Figure 32.7: An isosceles right angled triangle.

If the two equal sides are of length a, then the hypotenuse, h, can be calculated as:

K2 = a’+ad?
= 2ad°

h = vV2a

So, we have:

) o opposite(45°)
45 = —
sin(457) hypotenuse
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adjacent(45°)
hypotenuse

S|

Sl

opposite(45°)

tan(45°) =
an(45%) adjacent(45°)

—ele

We can try something similar for 30° and 60°. We start with an equilateral triangle and we
bisect one angle as shown in Figure 32.8. This gives us the right-angled triangle that we need,
with one angle of 30° and one angle of 60°.

30°

60°
A D C
Figure 32.8: An equilateral triangle with one angle bisected.

If the equal sides are of length a, then the base is %a and the length of the vertical side, v, can
be calculated as:

1
v? = az—(ia)2
1
_ az_zaz
= ga/Q
V3
v o= —a
2

So, we have:
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sin(30°) = opposite(30°) o opposite(60°)
hypotenuse sin(60°) = Ty potenuse
_ 2
= 2 . Vg
1 a
2 _ v
2
o adjacent(30°)
30°) = 2GRN ) . .
cos(30°) hy potenuse cos(60°) = adjacent(60°)
@a hypotenuse
4 _ 2
_ B |
2 - 5
opposite(30°) . o
tan(30°) = —/——MM—= o opposite(60
an(30°) adjacent(30°) tan(60°) = ag)TmEGOO;
V3, _ 24
2 a
= 5 - V3

You do not have to memorise these identities if you know how to work them out.

‘ Important: Two useful triangles to remember
[ ] ° o
2 60 NG A5
1 1
30° 45°
V3 1

32.3.2 Alternate Definition for tané

We know that tan @ is defined as: .
opposite

tanf = ——

adjacent

This can be written as:

opposite  hypotenuse

tanf =
adjacent  hypotenuse
- opposite hypotenuse
~ hypotenuse adjacent

But, we also know that sin 6 is defined as:

. opposite
sinf = ——
hypotenuse
and that cos @ is defined as: .
adjacent
cosf = ——
hypotenuse
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Therefore, we can write

opposite hypotenuse
tanf = -
hypotenuse adjacent
= sinf x
cos @
_ sinf
~ cosf
‘ Important: tanf can also be defined as:
[ ] in@
tan = 20
cos 6

32.3.3 A Trigonometric ldentity

One of the most useful results of the trigonometric functions is that they are related to each
other. We have seen that tanf can be written in terms of sinf and cosf. Similarly, we shall
show that:

sin? 0 + cos? 6 = 1

We shall start by considering AABC,

C
q
5 0
A "B
We see that:
sinf = ﬂ
- BC
and
cosf = A—B
-~ BC’

We also know from the Theorem of Pythagoras that:

AB? + AC? = BC?.

So we can write:

. ) AC\?  [AB\?
sin“ @ +cos“ 6 = (B—C) —i—(B—O)
AC?  AB?
Bc® " Be
AC® + AB?
BC?
2
= ﬁ—gQ (from Pythagoras)
= 1
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32.3

Worked Example 133: Trigonometric ldentities A

Question: Simplify using identities:
1. tan?6 - cos? 6
1 2
2. =5 —tan 0
Answer
Step 1 : Use known identities to replace tan 6

= tan?6-cos26
sin? @ 9

= ——5,cos 0
cos? 6

= sin®9

Step 2 : Use known identities to replace tan 6

1
= i tan? 6
_ 1 sin? 0
T cos20  cos?h
1= sin? 0
B cos? 0
B cos? B
= —55=

Worked Example 134: Trigonometric Identities B

Question: Prove; 1=sinz _ _cosz

cosx 1+sinx
Answer
1 —sinx
LHS = ——
CosS T
1—sinx 1+4sinz
= X -
CosS T 1+sinx
1—sin?z

cosz(1 + sinx)
cos? x

cosz(1 + sinz)
cos T

1+sinx

Exercise: Trigonometric identities
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1. Simplify the following using the fundamental trigonometric identities:

cos @
tan 6

B cos?f.tan?60 + tan?6.sin’6
C 1—tan?6.sin%0
D 1—sinf.cosf.tan@

E 1-—sin®6
1—cos®’0 ) 2
F ( —25 ) cos® 6
2. Prove the following:
1+sinf _  cosf
cosf® ~ 1—siné
B sin? 6 4 (cosf — tanf)(cosf + tanh) = 1 — tan? 0
(2cos® 6—-1) 1 _ 1—tan?#
C 1 + (14+tan20) — 1+tanZ?6
1 cos 0 tan? 6 _
D cos@ 1 =1
2sinfcosf __ _: _ 1
E sin O+cosf sin 6 + cosd sin 04cos @
cos 6 _ 1
F (sinG +tan9) -cosf = sin

32.3.4 Reduction Formula

Any trigonometric function whose argument is 90° & 6, 180° + 6, 270° + 6 and 360° + 6 (hence
—6) can be written simply in terms of 6. For example, you may have noticed that the cosine
graph is identical to the sine graph except for a phase shift of 90°. From this we may expect
that sin(90° + 6) = cosé.

Function Values of 180° £ 6

Activity :: Investigation : Reduction Formulae for Function Values of
180° + ¢

1. Function Values of (180° — 6)

A In the figure P and P’ lie on the circle with
radius 2. OP makes an angle § = 30°
with the z-axis. P thus has co-ordinates
(v/3;1). If P" is the reflection of P about
the y-axis (or the line x = 0), use sym- p 1809 0 P
metry to write down the co-ordinates of 2 2
P 0 0

B Write down values for sinf, cos@ and
tan 6.

C Using the co-ordinates for P’ deter-
mine sin(180° — ), cos(180° — ) and
tan(180° — 0).

(d) From your results try and determine a relationship between the function values
of (180° — #) and 6.

2. Function values of (180° + 0)
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A In the figure P and P’ lie on the cir-
cle with radius 2. OP makes an angle
0 = 30° with the z-axis. P thus has co-
ordinates (v/3;1). P’ is the inversion of P
through the origin (reflection about both
the a- and y-axes) and lies at an angle of 1804 + 0 p
180° + 0 with the z-axis. Write down the

2
co-ordinates of P’. / ¢

) 0
B Using the co-ordinates for P’ deter- 2
mine sin(180° + ), cos(180° + ) and 7
tan(180° + 0).
C From your results try and determine a re-
lationship between the function values of
(180° +6) and 0.
Activity :: Investigation : Reduction Formulae for Function Values of

360° £ 60

1. Function values of (360° — 6)
A In the figure P and P’ lie on the circle with y
radius 2. OP makes an angle § = 30°
with the z-axis. P thus has co-ordinates
(v/3;1). P’ is the reflection of P about the
x-axis or the line y = 0. Using symmetry, p
write down the co-ordinates of P'. 360°—9 2

B Using the co-ordinates for P’ deter-
mine sin(360° — ), cos(360° — ) and
tan(360° — 6). P

(Y

C From your results try and determine a re-
lationship between the function values of
(360° — 0) and 6.

It is possible to have an angle which is larger than 360°. The angle completes one revolution to
give 360° and then continues to give the required angle. We get the following results:

sin(360° +60) = sind
cos(360° +60) = cosb
tan(360° +60) = tan6

Note also, that if k is any integer, then

sin(360° -k +6) = sinf
cos(360° -k +6) = cosf
tan(360° -k +6) = tan#
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\ Worked Example 135: Basic use of a reduction formula

Question: Write sin293° as the function of an acute angle.
Answer
We note that 293° = 360° — 67° thus

sin293° = sin(360° — 67°)
= —sin67°
where we used the fact that sin(360° — ) = —sind. Check, using your calculator,

that these values are in fact equal:

sin 293° —-0,92---
—sin67° = -0,92---

\ Worked Example 136: More complicated...

Question: Evaluate without using a calculator:
tan?210° — (1 4 cos 120°) sin? 225°

Answer

tan® 210° — (1 + cos 120°) sin® 225°
= [tan(180° 4 30°)]* — [1 + cos(180° — 60°)] - [sin(180° 4 45°)]?
= (tan30°)% — [1 + (= cos60°)] - (— sin45°)?

@)D

? Exercise: Reduction Formulae

°® 1. Write these equations as a function of 8 only:
A sin(180° — 6)

B cos(180° — 0)
C cos(360° — 0)
D cos(360° + 6)
E tan(180° — )

F cos(360° + 0)

2. Write the following trig functions as a function of an acute angle, then find the
actual angle with your calculator:

A sin163°
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B cos327°
C tan 248°
D cos213°
3. Determine the following without the use of a calculator:
A tan 150°.sin 30° + cos 330°
B tan 300°.cos 120°
C (1 —cos 30°)(1 —sin 210°)
D cos 780° 4+ sin 315°.tan 420°

4. Determine the following by reducing to an acute angle and using special angles.
Do not use a calculator:

A cos 300°
sin 135°
cos 150°
tan 330°
sin 120°
tan? 225°
cos 315°
sin? 420°

| tan 405°
J cos 1020°
K tan?135°
L 1 —sin?210°

Tom1mOnNw

Function Values of (—0)

When the argument of a trigonometric function is (—6) we can add 360° without changing the
result. Thus for sine and cosine

sin(—0) = sin(360° — §) = —sin @

cos(—0) = cos(360° — 0) = cosf

Function Values of 90° + 0

Activity :: Investigation : Reduction Formulae for Function Values of
90° + 60

1. Function values of (90° — 6)

y
A In the figure P and P’ lie on the circle with
radius 2. OP makes an angle § = 30° — P
with the z-axis. P thus has co-ordinates
(v/3;1). P’ is the reflection of P about the f
line y = x. Using symmetry, write down 900< 2 5 P
the co-ordinates of P'. ; ri
0

B Using the co-ordinates for P' determine
sin(90°—6), cos(90°—6) and tan(90°—0).

C From your results try and determine a re-
lationship between the function values of
(90° — 0) and 6.
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2. Function values of (90° + 0)
A In the figure P and P’ lie on the circle with y

radius 2. OP makes an angle § = 30°
with the z-axis. P thus has co-ordinates P
(v/3;1). P’ is the rotation of P through
90°. Using symmetry, write down the co- 0],
ordinates of P'. (Hint: consider P’ as the 907 +0
reflection of P about the line y = z fol- PR

lowed by a reflection about the y-axis) 0

B Using the co-ordinates for P' determine
sin(90°+6), cos(90°+6) and tan(90°+4-9).

C From your results try and determine a re-
lationship between the function values of
(90° + 0) and 6.

Complementary angles are positive acute angles that add up to 90°. e.g. 20° and 70° are
complementary angles.

Sine and cosine are known as co-functions. The other co-functions are secant and cosecant, and
tangent and cotangent.

The function value of an angle is equal to the co-function of its complement (the co-co rule).
Thus for sine and cosine we have

sin(90° — ) = cos#d
cos(90° —0) = siné

Worked Example 137: Co-co rule

Question: Write each of the following in terms of 40° using sin(90° — ) = cosf
and cos(90° — 0) = sin 6.

1. cos50°

2. sin 320°

3. cos230°
Answer

1. cos50° = cos(90° — 40°) = sin 40°

2. sin 320° = sin(360° — 40°) = —sin40°

3. c08230° = cos(180° + 50°) = — cos 50° = — cos(90° — 40°) = — sin40°

Function Values of (0 — 90°)

sin(f — 90°) = — cos @ and cos(f — 90°) = sin 6.

These results may be proved as follows:

sin(f — 90°) = sin[—(90° — )]
= —sin(90° —6)
= —cosf

and likewise for cos(f — 90°) = sin 6
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Summary

The following summary may be made

second quadrant (180° — ¢) or (90° +0) | first quadrant (#) or (90° — 6)
sin(180° — ) = +sind all trig functions are positive
cos(180° — ) = — cos b sin(360° + ) = sin 0
tan(180° — 0) = — tand cos(360° 4 ) = cos b
sin(90° 4 0) = + cos 6 tan(360° 4 0) = tan 6
cos(90° 4+ 0) = —sin 6 sin(90° — #) = sin 6

c0s(90° — ) = cos b
third quadrant (180° + 6) fourth quadrant (360° — 0)
sin(180° + ) = —sin @ sin(360° — 0) = —sin @
cos(180° 4 0) = — cos b cos(360° — 0) = 4 cos b
tan(180° + #) = 4 tand tan(360° — 0) = — tand

Important:

1. These reduction formulae hold for any angle . For convenience, we usually work with
0 as if it is acute, i.e. 0° < 6 < 90°.

2. When determining function values of 180° + 6, 360° + 6 and —6 the functions never
change.

3. When determining function values of 90° + 6 and 6 — 90° the functions changes to
its co-function (co-co rule).

Extension: Function Values of (270° + 0)
Angles in the third and fourth quadrants may be written as 270° £ 6 with 6 an acute
angle. Similar rules to the above apply. We get

third quadrant (270° — ) | fourth quadrant (270° + )
sin(270° — @) = — cos @ sin(270° + 0) = — cosé
cos(270° — 0) = —sin @ cos(270° + 0) = +siné

32.4 Solving Trigonometric Equations

Chapters ?? and ?? focussed on the solution of algebraic equations and excluded equations that
dealt with trigonometric functions (i.e. sin and cos). In this section, the solution of trigonometric
equations will be discussed.

The methods described in Chapters ?? and ?? also apply here. In most cases, trigonometric
identities will be used to simplify equations, before finding the final solution. The final solution
can be found either graphically or using inverse trigonometric functions.

32.4.1 Graphical Solution

As an example, to introduce the methods of solving trigonometric equations, consider
sinf = 0,5 (32.1)
As explained in Chapters ?? and ??, the solution of Equation 32.1 is obtained by examining the

intersecting points of the graphs of:

y = sinf
y = 05
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Both graphs, for —720° < 6 < 720°, are shown in Figure 32.9 and the intersection points of the
graphs are shown by the dots.

S\ N\ AN
/N /N N SN

1 T T T T T T T T
—720 —630 —54Q —450 #4360 —270 —18Q —90 90 180\ 270 560 450 540\ 630 /20
/1 4

Figure 32.9: Plot of y = sin# and y = 0,5 showing the points of intersection, hence the solutions
to the equation sinf = 0,5.

In the domain for 6 of —720° < 6 < 720°, there are 8 possible solutions for the equation
sinf = 0,5. These are § = [—690°, —570°, —330°, —210°, 30°, 150°, 390°, 510°]

Worked Example 138:

Question: Find 0, if tanf + 0,5 = 1,5, with 0° < # < 90°. Determine the solution
graphically.

Answer

Step 1 : Write the equation so that all the terms with the unknown quantity
(i.e. #) are on one side of the equation.

tanf + 0,5 = 1,5
tanfd = 1

Step 2 : Identify the two functions which are intersecting.

y = tané
y = 1

Step 3 : Draw graphs of both functions, over the required domain and identify
the intersection point.

The graphs intersect at 6 = 45°.
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1 32.4

32.4.2 Algebraic Solution

The inverse trigonometric functions arcsin, arcc

metric equations. These are shown as second functions on most calculators: sin™

tan—1.

os and arctan can also be used to solve trigono-

1 cos™! and

Using inverse trigonometric functions, the equation

sind = 0,5
is solved as
sinf = 05
# = arcsin0,5
= 30°

Worked Example 139:

Question: Find 0, if tan# + 0,5 = 1,5, with 0° < # < 90°. Determine the solution

using inverse trigonometric functions.
Answer

Step 1 : Write the equation so that all the terms with the unknown quantity
(i.e. ) are on one side of the equation. Then solve for the angle using the

inverse function.

tanf + 0,5 = 1,5
tanf) = 1
# = arctanl
45°

Trigonometric equations often look very simple. Consider solving the equation sinf = 0,7. We
can take the inverse sine of both sides to find that § = sin'(0,7). If we put this into a calculator
we find that sin_1(0,7) = 44,42°. This is true, however, it does not tell the whole story.

Figure 32.10: The sine graph. The dotted line represents y = 0,7. There are four points of
intersection on this interval, thus four solutions to sinf = 0,7.

As you can see from figure 32.10, there are four possible angles with a sine of 0.7 between —360°
and 360°. If we were to extend the range of the sine graph to infinity we would in fact see that
there are an infinite number of solutions to this equation! This difficulty (which is caused by the
periodicity of the sine function) makes solving trigonometric equations much harder than they
may seem to be.
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Any problem on trigonometric equations will require two pieces of information to solve. The
first is the equation itself and the second is the range in which your answers must lie. The hard
part is making sure you find all of the possible answers within the range. Your calculator will
always give you the smallest answer (i.e. the one that lies between —90° and 90° for tangent
and sine and one between 0° and 180° for cosine). Bearing this in mind we can already solve
trigonometric equations within these ranges.

Worked Example 140:

Question: Find the values of x for which sin (%) = 0,5 if it is given that x < 90°.
Answer

Because we are told that x is an acute angle, we can simply apply an inverse trigono-
metric function to both sides.

sin(%2) = 05 (32.2)
= § = arcsin0.5 (32.3)
=3 = 30° (32.4)

T 60° (32.5)

We can, of course, solve trigonometric equations in any range by drawing the graph.

Worked Example 141:

Question: For what values of z does sinx = 0,5, when —360° < z < 360°7

Answer
Step 1 : Draw the graph

We take a look at the graph of sinz = 0,5 on the interval [—360°,360°]. We want
to know when the y value of the graph is 0,5, so we draw in a line at y = 0,5.

Step 2 :
Notice that this line touches the graph four times. This means that there are four
solutions to the equation.

Step 3:

Read off the x values of those intercepts from the graph as = —330°, —210°, 30°
and 150°.
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1st ; 2nd ; 3rd ; 4th ;
1+ | | |
I I I I 90°
I I I I
I I I I
I I I I
| | | |
0 | I | 1807 0°/360°
[e] (@]
% 8 270 6 g | g
| | | | VE | VE
| | | | -
gt | | | | 270
+VE | +4VE | VE | -VE |

Figure 32.11: The graph and unit circle showing the sign of the sine function.

This method can be time consuming and inexact. We shall now look at how to solve these
problems algebraically.

32.4.3 Solution using CAST diagrams
The Sign of the Trigonometric Function

The first step to finding the trigonometry of any angle is to determine the sign of the ratio for
a given angle. We shall do this for the sine function first and do the same for the cosine and
tangent.

In figure 32.11 we have split the sine graph into four quadrants, each 90° wide. We call them
quadrants because they correspond to the four quadrants of the unit circle. We notice from
figure 32.11 that the sine graph is positive in the 15 and 2"¢ quadrants and negative in the 3'¢
and 41, Figure 32.12 shows similar graphs for cosine and tangent.

All of this can be summed up in two ways. Table 32.7 shows which trigonometric functions are
positive and which are negative in each quadrant.

| 1st | 2nd | 3rd | 4th
sin | +VE | +VE | -VE | -VE
cos | +VE | -VE | -VE | +VE
tan | +VE | -VE | +VE | -VE

Table 32.7: The signs of the three basic trigonometric functions in each quadrant.

A more convenient way of writing this is to note that all functions are positive in the 15¢ quadrant,
only sine is positive in the 2°d, only tangent in the 3'¢ and only cosine in the 4. We express
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211(1 3rd 4th

lst

4th | 1st

| | |
| | |
| | |
| | |
| | |
| | |
| | |
| ! |
4 9:0 7 180° 21|’0 9 3({50 °
| | |
| | |
| | |
| | |
| | |
| | |

Figure 32.12: Graphs showing the sign of the cosine and tangent functions.

this using the CAST diagram (figure 32.13). This diagram is known as a CAST diagram as the
letters, taken anticlockwise from the bottom right, read C-A-S-T. The letter in each quadrant
tells us which trigonometric functions are positive in that quadrant. The ‘A’ in the 15* quadrant
stands for all (meaning sine, cosine and tangent are all positive in this quadrant). ‘'S’, ‘C' and
‘T" ,of course, stand for sine, cosine and tangent. The diagram is shown in two forms. The
version on the left shows the CAST diagram including the unit circle. This version is useful for
equations which lie in large or negative ranges. The simpler version on the right is useful for
ranges between 0° and 360°. Another useful diagram shown in figure 32.13 gives the formulae
to use in each quadrant when solving a trigonometric equation.

90°
S A S A 180° — 4 6

180° 0°/360°
T C T C 180° +6 |[360° — 46

270°

Figure 32.13: The two forms of the CAST diagram and the formulae in each quadrant.

Magnitude of the trigonometric functions

Now that we know in which quadrants our solutions lie, we need to know which angles in these
quadrants satisfy our equation.

Calculators give us the smallest possible answer (sometimes negative) which satisfies the equa-
tion. For example, if we wish to solve sin # = 0,3 we can apply the inverse sine function to both
sides of the equation to find—

# = arcsin0,3
17,46°

However, we know that this is just one of infinitely many possible answers. We get the rest of
the answers by finding relationships between this small angle, 8, and answers in other quadrants.
To do this we use our small angle 6 as a reference angle. We then look at the sign of the
trigonometric function in order to decide in which quadrants we need to work (using the CAST
diagram) and add multiples of the period to each, remembering that sine, cosine and tangent
are periodic (repeating) functions. To add multiples of the period we use 360° - n (where n is
an integer) for sine and cosine and 180° - n, n € Z, for the tangent.
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Worked Example 142:

Question: Solve for 6:

sinf = 0,3
Answer
Step 1 : Determine in which quadrants the solution lies
We look at the sign of the trigonometric function. siné is given S| A
as a positive amount (0,3). Reference to the CAST diagram shows ?’T

that sine is positive in the first and second quadrants.

Step 2 : Determine the reference angle
The small angle 6 is the angle returned by the calculator:

sinf = 0,3
=60 = arcsin0,3
=60 = 17,46°
Step 3 : Determine the general solution
Our solution lies in quadrants | and Il. We therefore use 6 and 180°—6 | 0
180° — @, and add the 360° - n for the periodicity of sine. 180° +0 | 360° — 0
I: 6 = 17,46°+360°-n,neZ

II :

180° — 17,46° + 360° - n,n € Z
162,54° + 360° - n,n € Z

This is called the general solution.

Step 4 : Find the specific solutions

We can then find all the values of 6 by substituting n=...,—1,0,1,2,.. .etc.

For example,

Ifn=0, 6=17,46°162,54°

Ifn=1, 6=377,46°522,54°

Ifn=—-1, 6= —342,54°;-197,46°

We can find as many as we like or find specific solutions in a given interval by
choosing more values for n.

32.4.4 General Solution Using Periodicity

Up until now we have only solved trigonometric equations where the argument (the bit after the
function, e.g. the 6 in cosf or the (2z — 7) in tan(2z — 7)), has been . If there is anything
more complicated than this we need to be a little more careful.

Let us try to solve tan(2z — 10°) = 2,5 in the range —360° < x < 360°. We want solutions for
positive tangent so using our CAST diagram we know to look in the 15 and 3"¢ quadrants. Our
calculator tells us that arctan(2,5) = 68,2°. This is our reference angle. So to find the general
solution we proceed as follows:

tan(2e — 10°) = 2,5 [68,2°]
I: 2x—10° = 68,2°+180°-n
2 = 78,2°+180°-n
x = 39,1°+90°-n,neZ

This is the general solution. Notice that we added the 10° and divided by 2 only at the end.
Notice that we added 180° - n because the tangent has a period of 180°. This is also divided
by 2 in the last step to keep the equation balanced. We chose quadrants | and Ill because tan
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was positive and we used the formulae 6 in quadrant | and (180° + ) in quadrant Ill. To find
solutions where —360° < x < 360° we substitue integers for n:

o n=0; z=391°% 129.1°

o n =1 z=120,1° 219,1°

o n =2 x=219.1% 309,1°

e n=23; x =309,1°; 399,1° (too big!)
e n——1;2=-509% 39,1°

e n=-—2;x=-140,1°, —50,9°

o n——3; 1= —2309° —140,9°

e n=—4, xr=-320,9° —230,9°

Solution: x = —320,9°; —230°; —140,9°; —50,9°; 39,1°;129,1°; 219,1° and 309,1°

32.4.5 Linear Trigonometric Equations

Just like with regular equations without trigonometric functions, solving trigonometric equations
can become a lot more complicated. You should solve these just like normal equations to isolate
a single trigonometric ratio. Then you follow the strategy outlined in the previous section.

Worked Example 143:

Question: Write down the general solution isf 3 cos(6 — 15°) — 1 = —2,583
Answer

3cos( —15°) —1 = —2,583
3cos(f —15°) = —1,583
cos(f —15°) = —0,5276... [58,2°]
IM: 6—15° = 180° —58.2°+360°-n,n € 7Z
0 = 136,8°4+360°-n,neZ
IM: 0—15° = 180°+58,2° +360° n,n € Z
§ = 2532°+360° n,neZ

32.4.6 Quadratic and Higher Order Trigonometric Equations

The simplest quadratic trigonometric equation is of the form
sin®z —2=—15

This type of equation can be easily solved by rearranging to get a more familiar linear equation
sinz = 0.5

=gsinx = £V0.5
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This gives two linear trigonometric equations. The solutions to either of these equations will
satisfy the original quadratic.

The next level of complexity comes when we need to solve a trinomial which contains trigono-
metric functions. It is much easier in this case to use temporary variables. Consider solving

tan? (2 +1) +3tan 2z +1) +2 =0

Here we notice that tan(2x + 1) occurs twice in the equation, hence we let y = tan(2x + 1) and
rewrite:
y? +3y+2=0

That should look rather more familiar. We can immediately write down the factorised form and
the solutions:

(y+1)(y+2)=0
=y=-1 OR y=-2

Next we just substitute back for the temporary variable:
tan(2z4+1)=—-1 or tan(2z+1)= -2

And then we are left with two linear trigonometric equations. Be careful: sometimes one of the
two solutions will be outside the range of the trigonometric function. In that case you need to
discard that solution. For example consider the same equation with cosines instead of tangents

cos? (2 + 1) +3cos(2r +1) +2=0
Using the same method we find that
cos(2e+1)=-1 or cos(2z+1)=-2

The second solution cannot be valid as cosine must lie between —1 and 1. We must, therefore,
reject the second equation. Only solutions to the first equation will be valid.

32.4.7 More Complex Trigonometric Equations

Here are two examples on the level of the hardest trigonometric equations you are likely to
encounter. They require using everything that you have learnt in this chapter. If you can solve
these, you should be able to solve anything!

Worked Example 144:

Question: Solve 2cos?z — cosx — 1 = 0 for z € [~180°; 360°]
Answer
Step 1 : Use a temporary variable
We note that cosz occurs twice in the equation. So, let y = cosxz. Then we have
2% —y — 1 = 0 Note that with practice you may be able to leave out this step.
Step 2 : Solve the quadratic equation
Factorising yields

(2y+1)y-1)=0

y=-05 or y=1

Step 1 : Substitute back and solve the two resulting equations

We thus get
cosx =—0,5 or cosxr=1

Both equations are valid (i.e. lie in the range of cosine).
General solution:
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cosx = —0,5 [60°
M: « = 180°—60°+360° n,n € Z cosz = 1 [90°]
= 120°+360°-n,ne€Z LIV: 2z = 0°4360°-n,neZ
II: = = 180°+60°+360°-n,n€Z = 360°-n,ne€Z

= 240°+360°-n,neZ
Now we find the specific solutions in the interval [—180°; 360°]. Appropriate values

of n yield
x = —120°;0°;120°; 240°; 360°

Worked Example 145:

Question: Solve for x in the interval [—360°;360°]:
2sin? —sinz cosz = 0

Answer
Step 2 : Factorise
Factorising yields
sinz(2sinx — cosz) =0

which gives two equations

sinz =0

2sinz = cosx
2sinz  cosz
cosT  COST
2tanx = 1
tanx = %
Step 3 : Solve the two trigonometric equations
General solution:
sine = 0 [0°] tanz = 1 [26,57°]
x = 180°-n,neZ LII: =z = 2657°+180°-n,neZ

Specific solution in the interval [—360°; 360°]:

z = —360°; —206,57°; —180°; —26,57°; 0°; 26,57°; 180°; 206,25°; 360°

Exercise: Solving Trigonometric Equations

1. A Find the general solution of each of the following equations. Give answers
to one decimal place.

B Find all solutions in the interval § € [—180°; 360°].

i. sinf = —0,327
ii. cosf =0,231
iii. tanf = —1,375
iv. sinf = 2,439
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2. A Find the general solution of each of the following equations. Give answers
to one decimal place.
B Find all solutions in the interval § € [0°; 360°].
i. cosf =0
i. sinf = L2
iii. 2cosf —v/3=0
iv. tanf = —1
v. bcos = -2
vi. 3sinf = —1,5
vii. 2cosf+13=0
viii. 0,5tanf +25=1,7
Write down the general solution for z if tanx = —1,12.
Hence determine values of x € [—180°; 180°].

A
B
A Write down the general solution for 8 if sinf = —0,61.
B Hence determine values of 6 € [0°;720°].
5. A Solve for A if sin(A + 20°) = 0,53
B Write down the values of Ae [0°;360°)
A Solve for z if cos(x + 30°) = 0,32
B Write down the values of = € [—180°;360°]
A Solve for @ if sin?(6) + 0,5sin0 = 0
B Write down the values of 6 € [0°;360°]

32.5 Sine and Cosine ldentities

There are a few identities relating to the trigonometric functions that make working with triangles
easier. These are:

1. the sine rule
2. the cosine rule

3. the area rule

and will be described and applied in this section.

32.5.1 The Sine Rule

Definition: The Sine Rule
The sine rule applies to any triangle:

sinA sinB sinC

a b c

where a is the side opposite A, bis the side opposite B and c is the side opposite C.

Consider AABC.
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C

The area of AABC can be written as:

area AABC = %c - h.

However, h can be calculated in terms of A or B as:

A h
mA = I
sin 5
h = b-sinA
and
A h
sinB = -—
a
h = a-sinB

Therefore the area of AABC is:

1 1 ~ 1 .
§c-h:§c-b-sinA:§c-a-sinB

Similarly, by drawing the perpendicular between point B and line AC we can show that:

1 ~ 1 N
§c~b~sinA:§a~b-sinO

Therefore the area of AABC is:

1 P | o~ 1 LA
§c-b-s1nA—§c-a-s1nB—§a-b-s1nC

If we divide through by %a -b-c, we get:

sinA sinB sinC

a b ¢

This is known as the sine rule and applies to any triangle.

x Worked Example 146: Lighthouses

Question: There is a coastline with two lighthouses, one on either side of a beach.
The two lighthouses are 0,67 km apart and one is exactly due east of the other. The
lighthouses tell how close a boat is by taking bearings to the boat (remember — a
bearing is an angle measured clockwise from north). These bearings are shown. Use
the sine rule to calculate how far the boat is from each lighthouse.
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Answer

We can see that the two lighthouses and the boat form a triangle. Since we know the
distance between the lighthouses and we have two angles we can use trigonometry
to find the remaining two sides of the triangle, the distance of the boat from the
two lighthouses.

0,67 km

370 15°

128°

C

We need to know the lengths of the two sides AC and BC. We can use the sine rule
to find our missing lengths.

BC AB
sin A sinC
BO — AB - SIPA
sinC'
_ (0,67km) sin(37°)
N sin(128°)
= 0,51 km
AC  AB
sin B sinC
A0 — AB - s1AnB
sin C'
~ (0,67km) sin(15°)
N sin(128°)
= 0,22km

Exercise: Sine Rule

1. Show that . ) .
sinA  sinB  sinC
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is equivalent to:
a b c

sinA sinB sinC

Note: either of these two forms can be used.

2. Find all the unknown sides and angles of the following triangles:
A APQR in which Q = 64°; R = 24° and r = 3.
B AKLM in which K = 43°; M = 50° and m = 1
C AABC in which A = 32,7°; C = 70,5° and a = 52,3
D AXYZ in which X = 56°; Z = 40° and z = 50
3. In AABC, A = 116°; C = 32° and AC = 23 m. Find the length of the side
AB.
4. In ARST, R = 19°; § = 30° and RT = 120 km. Find the length of the side
ST.

5. In AKMS, K= 20°; M = 100° and s = 23 cm. Find the length of the side m.

32.5.2 The Cosine Rule

Definition: The Cosine Rule
The cosine rule applies to any triangle and states that:

a> = b>+c2—2bccos A
¥ = 2+4+a%—2ca cos B
A = a4+ —2ab cosC

where a is the side opposite A, b is the side opposite B and ¢ is the side opposite C.

The cosine rule relates the length of a side of a triangle to the angle opposite it and the lengths
of the other two sides.

Consider AABC' which we will use to show that:

a? =b%+c? — 2bccos A.

C
b a
A = B
d D cd
C
In ADCB:
a? = (c—d)? + h? (32.6)
from the theorem of Pythagoras.
In AACD:
b? = d? + h? (32.7)

from the theorem of Pythagoras.
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We can eliminate h? from (32.6) and (32.7) to get:

V¥ —d* = a*—(c—d)?
a®> = b4 (= 2cd+d*) - d?
= b+ —2cd+d* - d?
b+ —2cd (32.8)

In order to eliminate d we look at AACD, where we have:

P
A=—.
cos 5
So, A
d = bcos A.
Substituting this into (32.8), we get:
a®> =0+ —2bccos A (32.9)

The other cases can be proved in an identical manner.

x Worked Example 147:

Question: Find A:

A
8
5
B 7 C
Answer
Applying the cosine rule:
a> = b+ —2bdcosA
" b? + 2 —a?
A = ———
cos e
I
B 2-8-5
= 05
A = arccos0,5 = 60°

? Exercise: The Cosine Rule

® 1. Solve the following triangles i.e. find all unknown sides and angles
A AABC in which A =70° b=4and ¢ =9
B AXYZ in which Y =112°; 2 =2 and y = 3
C ARST in which RS=2; ST=3 and RT=15
D AKLM in which KL= 5; LM= 10 and KM= 7
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E AJHK in which H = 130°; JH= 13 and HK= 8
F ADEF in whichd=4;e=5and f=7

2. Find the length of the third side of the AXYZ where:
A X =71,4° y =342 km and z = 4,03 km
B ;z=103,2cm; Y =20,8 and z = 44,59 cm

3. Determine the largest angle in:
A AJHK in which JH=6; HK= 4 and JK=3
B APQR where p = 50; ¢ = 70 and r = 60

32.5.3 The Area Rule

Definition: The Area Rule
The area rule applies to any triangle and states that the area of a triangle is given by half
the product of any two sides with the sine of the angle between them.

That means that in the ADEF, the area is given by:

A= %DE-EFsinE - %EF-FDsinF = %FD~DEsinf)

F

D
In order show that this is true for all triangles, consider AABC.

C

A c B

The area of any triangle is half the product of the base and the perpendicular height. For
ANABC, this is:

1
A:§Ch

However, h can be written in terms of A as:

h=bsinA
So, the area of AABC is:
A= %c .bsin A.

Using an identical method, the area rule can be shown for the other two angles.
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Worked Example 148: The Area Rule

Question: Find the area of AABC:

OO

Answer

AABC is isosceles, therefore AB=AC= 7 and C = B = 50°. Hence A = 180° —
50° — 50° = 80°. Now we can use the area rule to find the area:

A = %cbsinA

1
= 57 7-sin80°
= 24,13

Exercise: The Area Rule
Draw sketches of the figures you use in this exercise.

1. Find the area of APQR in which:
AP=40°¢g=9andr=25
BQ=30r=10and p="7
CR=110°p=8and ¢g=9

2. Find the area of:

A AXYZ with XY= 6 cm: XZ= 7 cm and Z = 28°
B APQR with PR= 52 cm; PQ= 29 cm and P = 58,9°
C AEFG with FG= 2,5 cm; EG=7,9 cm and G = 125°

3. Determine the area of a parallelogram in which two adjacent sides are 10 cm
and 13 cm and the angle between them is 55°.

4. If the area of AABC is 5000 m? with ¢ = 150 m and b = 70 m, what are the
two possible sizes of C?
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Summary of the Trigonometric Rules and Identities

Pythagorean Identity

cos?0 +sin®6 =1

Odd/Even Identities

sin(—6) = —sinf
cos(—0) = cos b

Sine Rule

sin A sin B sin C

32.6 Exercises

Periodicity Identities

sin(f £+ 360°) = sin 6
cos(f £ 360°) = cosé

Area Rule

Area = %bc cos A

Area = Laccos B

Area = zabcosC

Ratio Identity

tang = sné

cos 6

Cofunction ldentities

sin(90° — ) = cos 6
cos(90° — ) =sind

Cosine Rule

a? =b%+ ¢ — 2bccos A
b? = a? + ¢ — 2accos B
? =a? +b% —2abcosC

1. Q is a ship at a point 10 km due South of another ship P. R is a
lighthouse on the coast such that P = Q = 50°.

Determine:

A the distance QR

B the shortest distance from the lighthouse to the line joining

the two ships (PQ).

2. WXYZ is a trapezium (WX||XZ) with WX= 3 m; YZ= 1,5 m;Z =

120° and W = 30°

A Determine the distances XZ and XY

B Find the angle C

ZA20°

1,5m

Y

50°

10km

50°

3m

X

3. On a flight from Johannesburg to Cape Town, the pilot discovers that he has been flying
3° off course. At this point the plane is 500 km from Johannesburg. The direct distance
between Cape Town and Johannesburg airports is 1 552 km. Determine, to the nearest

km:

A The distance the plane has to travel to get to Cape Town and hence the extra distance
that the plane has had to travel due to the pilot's error.

B The correction, to one hundredth of a degree, to the plane's heading (or direction).

A

4. ABCD is a trapezium (i.e. AB||CD). AB= ;
BAD =q; BCD =b and BDC =c.
Find an expression for the length of CD in terms

of ¢, a, b and c.
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32.6

5. A surveyor is trying to determine the distance be-
tween points X and Z. However the distance cannot
be determined directly as a ridge lies between the two
points. From a point Y which is equidistant from X
and Z, he measures the angle XYZ

A If XY= 2 and XYZ = 0, show that XZ=

24/2(1 — cos )

B Calculate XZ (to the nearest kilometre) if x =
240 km and 6 = 132°

6. Find the area of WXYZ (to two decimal places):

35

120°
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002

Copyright (© 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful doc-
ument “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially. Secondar-
ily, this License preserves for the author and publisher a way to get credit for their work, while
not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals
exclusively with the relationship of the publishers or authors of the Document to the Document’s
overall subject (or to related matters) and contains nothing that could fall directly within that
overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary
Section may not explain any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal, commercial, philosophical,
ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The "Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint
programs or (for drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable for input to text
formatters. A copy made in an otherwise Transparent file format whose markup, or absence of
markup, has been arranged to thwart or discourage subsequent modification by readers is not
Transparent. An image format is not Transparent if used for any substantial amount of text. A
copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCIl without markup, Texinfo
input format, IKTEX input format, SGML or XML using a publicly available DTD and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for
which the DTD and/or processing tools are not generally available, and the machine-generated
HTML, PostScript or PDF produced by some word processors for output purposes only.

The "Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near the
most prominent appearance of the work’s title, preceding the beginning of the body of the text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language.
(Here XYZ stands for a specific section name mentioned below, such as "Acknowledgements”,
“Dedications”, “Endorsements”, or “History”.) To "Preserve the Title" of such a section when
you modify the Document means that it remains a section “Entitled XYZ" according to this
definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or non-commercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever
to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation

in exchange for copies. If you distribute a large enough number of copies you must also follow
the conditions in section A.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
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you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-
Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front cover must present the
full title with all words of the title equally prominent and visible. You may add other material on
the covers in addition. Copying with changes limited to the covers, as long as they preserve the
title of the Document and satisfy these conditions, can be treated as verbatim copying in other
respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must
either include a machine-readable Transparent copy along with each Opaque copy, or state in or
with each Opaque copy a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete Transparent copy of
the Document, free of added material. If you use the latter option, you must take reasonably
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this
Transparent copy will remain thus accessible at the stated location until at least one year after
the last time you distribute an Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document,
and from those of previous versions (which should, if there were any, be listed in the History
section of the Document). You may use the same title as a previous version if the original
publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for authorship
of the modifications in the Modified Version, together with at least five of the principal
authors of the Document (all of its principal authors, if it has fewer than five), unless they
release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the publisher.
4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other copyright
notices.

6. Include, immediately after the copyright notices, a license notice giving the public permis-
sion to use the Modified Version under the terms of this License, in the form shown in the
Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on the
Title Page. If there is no section Entitled “History” in the Document, create one stating
the title, year, authors, and publisher of the Document as given on its Title Page, then
add an item describing the Modified Version as stated in the previous sentence.
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10. Preserve the network location, if any, given in the Document for public access to a Trans-
parent copy of the Document, and likewise the network locations given in the Document
for previous versions it was based on. These may be placed in the "History” section. You
may omit a network location for a work that was published at least four years before the
Document itself, or if the original publisher of the version it refers to gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate
some or all of these sections as invariant. To do this, add their titles to the list of Invariant
Sections in the Modified Version's license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties—for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only
one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through
arrangements made by) any one entity. If the Document already includes a cover text for the
same cover, previously added by you or by arrangement made by the same entity you are acting
on behalf of, you may not add another; but you may replace the old one, on explicit permission
from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the combi-
nation all of the Invariant Sections of all of the original documents, unmodified, and list them
all as Invariant Sections of your combined work in its license notice, and that you preserve all
their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled “Ac-
knowledgements”, and any sections Entitled “Dedications”. You must delete all sections Entitled
“Endorsements” .
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COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents
or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation’s
users beyond what the individual works permit. When the Document is included an aggregate,
this License does not apply to the other works in the aggregate which are not themselves derivative
works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then if
the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be
placed on covers that bracket the Document within the aggregate, or the electronic equivalent
of covers if the Document is in electronic form. Otherwise they must appear on printed covers
that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Doc-
ument under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or
all Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any War-
ranty Disclaimers, provided that you also include the original English version of this License and
the original versions of those notices and disclaimers. In case of a disagreement between the
translation and the original version of this License or a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the actual
title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the Document
is void, and will automatically terminate your rights under this License. However, parties who
have received copies, or rights, from you under this License will not have their licenses terminated
so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but
may differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
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Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have the
option of following the terms and conditions either of that specified version or of any later version
that has been published (not as a draft) by the Free Software Foundation. If the Document does
not specify a version number of this License, you may choose any version ever published (not as
a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with... Texts.”
line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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